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A new approach for solving the singularity avoidance problem is presented, based on the observation that the
gimbal rates can be derived by minimizing (in a feedback loop) the difference between the demanded torque and the
control moment gyro output torque. The derivations are approached from a control prospective, but the final
solution results in a structure very similar to the classical singularity robust steering law. Some differences, however,
need to be acknowledged. Because the gimbal rates are related to the demanded torque through the control sensitivity
function, the solutions are generated in a feedback loop, and thus the algorithm does not require computations of
matrix inversion and matrix determinant. The steering law has a dynamic structure, and a relationship is established
between the torque error and the gimbal-rate capacity of the actuator. The new steering law also breaks the
symmetry in the computation in the gimbal rates, and thus the gimbal trajectories avoid the internal singularities,
rather than passing through them. Consequently, the full control moment gyro momentum space is used. Examples
with some typical maneuvers are presented to justify this numerically. For the derivation of the steering law, H
theory is used, and an efficient adaptation algorithm is developed to account for the dependence of the Jacobian on
the gimbal angles. Derivation and implementation steps are presented with numerical examples.

1. Introduction

ROTOR spinning at a constant speed can be gimbaled to
produce a gyroscopic torque on the spacecraft. The control
moment gyro (CMG) is an attitude control actuator that works on this
principle. The direction of the angular momentum is determined by
one or more motorized gimbal mechanisms. The output torque is
proportional to the rate of change of the momentum and is controlled
through the gimbal rate. Because the gyroscopic torque is
considerably larger than the input gimbal torque, the CMG is power
efficient [1,2]. Better pointing accuracy can be also expected by
selecting rotor speeds that avoid excitations of resonance modes in
the chassis. In the past, CMGs have been used mainly on large
spacecraft platforms such as the Mir Space Station and the
International Space Station. Recently, the need for agile small
satellites with high pointing accuracy has created a renewed interest
in this actuator [3,4]. The number of controlled gimbals classifies the
CMG as a single-gimbal or a double-gimbal actuator. This paper
considers only the single-gimbal CMG.

One of the difficulties associated with CMGs is the existence of
singular states at which the actuators fail to deliver the required
torque about a specific demanded direction. This is equivalent to
aligning the torque outputs from the individual CMGs on a plane
with the demanded torque direction being normal to this plane. From
a practical prospective, avoiding singularities requires redundant
configurations with the number of CMGs higher than the number of
controlled degrees of freedom. Steering laws are used in conjunction
with the attitude controller to avoid or transit through the
singularities. A detailed characterization and classification of the
singularities in a cluster of CMGs was developed by Margulies and
Aubrun [1]. Since then, a considerable amount of effort has been
made in the area of designing steering laws and attitude control loops
with CMGs. These are categorized here as error-free singularity
avoidance laws and pseudo-inverse-based avoidance laws. In the
former type, global search methods have been proposed to find
optimal gimbal-angle trajectories for a given demanded torque
profile, such that the singular states are avoided [5]. Although this is
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an optimal solution, this feedforward approach is of limited use for
feedback applications. For a redundant CMG configuration, a local
gradient search can be used to derive gimbal rates in the locality of the
singular state, such that the gimbal motions do not produce torque
[6]. These null-motion-based techniques, however, do not guarantee
global singularity avoidance.

The second class of singularity avoidance laws is based on
different forms of the pseudo-inverse method. A common
characteristic for these methods is the approximation in the solution
for the gimbal rates near the singularity, resulting in a finite torque
error. The minimum two-norm Moore—Penrose pseudo-inverse
method is the simplest, but symmetry in the computation of the
gimbal rates forces the CMG cluster to a singular state. This, in turn,
leads to excessively large gimbal rates. A solution to this is the
singularity robust (SR) steering law proposed by Bedrossian [7],
which was adapted from inverse kinematic solutions for robot
manipulators. In the vicinity of the singularity, the SR law generates
feasible solutions for the gimbal rates at the expense of some error
between the demanded torque and the output torque. The
shortcoming of the SR law is that if trapped in a special class of
singular states, the algorithm fails to deliver solutions [6,8]. To
overcome this limitation, several approaches have been proposed.
Oh and Vadali [9] present an adaptation scheme in which the SR law
is kept unchanged, but the demanded torque is perturbed in the
vicinity of the singularity by introducing off-diagonal terms in the
attitude controller. Wie and coworkers [8] developed the generalized
singularity robust steering law, which uses time-dependent
modulation functions in the calculation of the gimbal rates. This
law was later modified to handle a special class of saturation
singularities [10]. Ford and Hall [11] make use of the singular
avoidance parameter to improve on the tracking of the demanded
torque. Other methods have been proposed that combine robust
inverse and null motion, for example [6]. Important developments
are also presented in [12-14].

In this paper, the singularity avoidance problem is approached
from a control point of view. The steering algorithm is derived based
on the observation that the gimbal rates can be computed by
minimizing (in a feedback loop) the difference between the
demanded torque and the CMG output torque. It is demonstrated that
the gimbal rates are related to the demanded torque through the
control sensitivity function, and in structure, the latter closely
resembles the classical singularity robust steering law. Furthermore,
because the gimbal rates are computed in a feedback loop, the
algorithm does not require computations of matrix inversion and
matrix determinant. A relationship is also established between the
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torque error and the gimbal-rate capacity of the actuator. The new
steering law also breaks the symmetry in the computation of the
gimbal rates, and as a result, the gimbal trajectories avoid internal
singularities, leading to high values for the CMG momentum, in
comparison with SR-based approaches. The involvement of the
feedback control machinery to the problem of steering CMGs opens
up new opportunities for assessing the robustness of steering laws.

The subsequent part of the paper is organized as follows. First, a
brief review is given to some of the pseudo-inverse-based steering
laws. The feedback-based steering law is then introduced, and
discussions on the stability and the performance are included in
Sec. IILLA, with some parallels drawn between the new steering law
and the classical inversion-based approaches. Because this law
depends on the derivation of a control function, an adaptive H,-
based control algorithm is developed. Numerical examples,
discussions on the real-time implementation, and a set of simulation
results are presented.

II. Pseudo-Inverse-Based Steering Laws for CMGs

A single-gimbal CMG is depicted in Fig. 1a, in which & represents
the gimbal angle in respect to an actuator-fixed reference frame and h
is the angular momentum vector. The CMG output torque is
controlled by commanding the rate of change of the momentum
vector. In a typical attitude control system, three or more CMGs are
arranged to provide full three-axis control. The total momentum
vector is a sum of the individual momentum vectorsh; i = 1,---, N
where N is the number of CMGs). A commonly studied CMG
redundant configuration is the pyramid arrangement presented in
Fig. 1b. Because the overall momentum vector is a nonlinear
function of the gimbal angles, the output torque is also a nonlinear
function of the gimbal angles through the Jacobian J(«) as follows:

h— oh(e)  dh do

=——=J(@a 1
ot do dt 1@ M
In the general case, o = [, 0, -+, ay]” and J(a) € R>V. For
Fig. b, N =4, B = 54.74 deg, and
—CpCosa, sina, cpeosay  —sinay
J(@)=| —sino; —cgcosa, sinaz  cgcosay | (2)
5pCOS QL SpCOS0n  SECOSQ3  SpCOSQYy

where ¢y and s are constants corresponding to cos() and sin(f),
respectively. We refer to the representation in Eq. (1) as the CMG
model. This model is a simplification of the real CMG dynamics,
because the control input is taken to be the gimbal velocity & and the
inertia of the individual gimbals are excluded from the
representation. To simplify the analysis, most of the steering laws
presented in the literature resort to this assumption. Contrary to all
other design methods, however, the approach developed in this paper

moment of
inertia, Iy

a) b)

Fig. 1 Graphical representation of a) the control moment gyroscope
(the gimbal axis is controlled by a motorized mechanism with a
permissible gimbal rate a; for & = & = 0, the momentum of the wheel is
h =h, =1,R2) and b) a cluster of four CMGs mounted on a pyramid
with a skew angle of 8 = 54.74 deg.

r?felrznce . . spacecraft
attiwde [ ivude | [ steering (0| cMG | h |spacecraft| atitude
controller (1) law (2) cluster (3) h (€)]
attitude,
body rates sensors

estimators (5)

Fig. 2 CMG-based attitude control system.

provides the necessary machinery for incorporating the dynamics of
the individual gimbals into the steering law design.

A typical CMG-based attitude control system is shown in Fig. 2.
The attitude control law (block 2) produces the demanded CMG

torque h. The steering law, in turn, delivers the required gimbal rates

for given h. With the assumption that three CMGs are used for three-
axis attitude control, a simple steering law reduces to solving Eq. (1)
for a:

6 =J'(ah 3)

where J' () represents the inverse of J(«). The practical difficulty of
this approach is the existence of gimbal combinations (or singular
states [1]) for which J(a) € R**? loses rank. Because in a singular
configuration all row elements of J(a) become zero, the
corresponding torque output vanishes regardless of the applied rates
a. Redundant configurations with a number of CMGs higher than the
number of controlled axes are thus a preferred option, because the
additional degrees of freedom allow finding alternative solutions.
For the arrangement in Fig. 1b, the minimum norm solution to the
following problem

min||@|]%,  subject to h = J(a)d 4)

gives the Moore—Penrose inverse
I () =J @) I @I (@) ©)

This algorithm, however, also fails when the rank of J(«) is less than
three. In the vicinity of the singular point, det[J («)J («)7] approaches
zero, resulting in excessively large solutions for &. To overcome this
problem, the singularity robust steering law is proposed [7] as a
solution to the following minimization problem (K; >0 and
K, > 0):

ATh—J@a ] [K: 0 ][h-J@a
| B Y il B

The unique optimal solution for ¢ results in the singularity robust
inverse [for readability, « is dropped from the notation of J(o)]:

Ji= JTI<1(JJTK1 + Kz)“ %)

Although any positively definite gain matrices K and K, will satisfy
the solution, in the SR steering law, these are set to [6] K; = I and
K, = A1, resulting in

J =JaJ +an! (6))

The emphasis here is that this particular combination for K; and K,
provides only one feasible solution, and in the following section, this
statement is clarified. In the preceding representation, A is a scalar
that expresses the tradeoff between exactness and feasibility of the
solution [6]. In the vicinity of the singular state, A is modified to
guarantee the solvability of the matrix inverse [9]:

A = Agexp[—pu det(JJT)] )

where A, and p are positive constants. The solution for the gimbal
rates using the SR law then becomes
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Fig. 3 Feedback singularity avoidance control law.

& =3I + D) 'h (10)

Although the SR law is computationally efficient, the algorithm still
fails to deliver a solution if the system does become singular due to
the imperfection in the knowledge of J [8]. The steering law in
Eq. (10) will therefore not be able to escape from the singular state.
Oh and Vadali [9] propose to keeg the steering law unchanged but to

perturb the demanded torque h instead in the vicinity of the
singularity by modifying the attitude control law (block 1 in Fig. 2).
An important step forward has been made by Wie et al. [8] by
proposing K, to be extended to a full matrix with the off-diagonal
terms being harmonic time-dependent functions, for example,

& =J"(JJ + AE)"'h (11)
where
1 eosin(@t + @) €y sin(wt + ¢,)
E = | ¢sin(ws + ¢) 1 € sin(wt + ¢3)

€ sin(@t + ¢,) €y sin(wt + ¢3) 1
12)

This generalized singularity robust law requires setting €, @1, ¢», @3,
and w, in addition to A, and p [8,10,15]. The design of the new
feedback singularity (FS) law is discussed next. In the process of the
derivation, some parallels with the preceding steering laws are made.

III. Feedback Singularity Avoidance Control Law

The FS law proposed in this paper uses control theory for the
solution to the steering problem. The idea is depicted in Fig. 3. The
design goal is the minimization of the difference between the

demanded torque h and the CMG output torque h in a feedback
configuration. For the purpose of the analysis, we first make the
assumption that K(s) is known. Figure 3 then suggests that the
gimbal rates are related to the commanded torque through the control
sensitivity function:

~

a@=K(s)[JK(s) + I"'h 13)

Turning our attention now to the developments in Sec. II, it is
interesting to note that the FS law is very similar in structure to the SR
law in Eq. (10). The latter statement requires setting A to 1 and
replacing J” with K(s). Because the SR law was derived from the
minimization of Eq. (6), the particular choice of K; = I and K, =
AT represents only a single possible solution. The argument here is
that any positive definite K; and K, in Eq. (7) will render a stable
solution, but the particular choice has an impact on the performance.
This has been somewhat justified through the developments in [8]
and the modifications in Eq. (11). Equation (13) also shows that the
inversion is performed indirectly through the feedback loop, and the
implementation of the steering law reduces to a filter (more details are
given in Sec. IV.A). Note that the steering law in Eq. (13) can be also

equivalently represented as & = [K(s)J + I]"'K(s)h.
To correlate the output torque with the demanded torque, the
complementary function is derived

h = JK(s)[JK(s) + 1]"'h (14)

To achieve the required identity between the demanded torque and

the output torque (i.e., h=h) K(s), needs to be designed such that it
delivers at steady state

T =JK(s)JK(s) + 17! =1 (15)

In this respect, a key element in the proposed new method is the
compensator K(s).

For the design of K(s), the following constraints need to be
imposed. First, because the Jacobian J(«) depends on the gimbal
angles «, the controller has to be adapted by taking information for .
Second, singularity phenomena have to be taken into account. To
satisfy this requirement, K(s) needs to be a full transfer matrix to
provide a solution even when J(«) loses rank at a particular singular
direction. It is interesting to note that this is quite opposite to the
choice of K; = I, proposed for the SR law in Eq. (6) [the same
observation has been made when deriving the generalized steering
law in Eq. (11), but the author’s choice is to instead modulate the
identity matrix]. In the vicinity of the singular point, the nonzero

components of the torque error e = h —h would generate finite
values for the gimbal rates through the off-diagonal elements of
K(s). This will steer the CMGs away from the singularity for the
expense of some perturbations on the attitude. In Sec. [ILA, we also
demonstrate that only a system that is capable of delivering
indefinitely large gimbal rates can steer through a singularity without
an error. This conclusion can be also made directly from Eq. (5), but
for the FS law design, this is connected with the practical constraints
in the actuator. The development in the following section allows
drawing relationships between the admissible torque error and the
gimbal-rate capacity in the system, and this has not been previously
addressed in a formal way in the design of steering laws. The SR-
based approaches deal with it through different gain factors such as A,
I, ete.

A. Main Result

To connect the new steering law to the pseudo-inverse-based
approaches, we first present the main result of this paper. Following
the design process developed in Sec. IV, the optimal adaptive
feedback law K(s) that solves the feedback-based steering problem
in Fig. 3 has the following form

K(s)=J"Q (16)
where
Q =P(sI — Ac) ™' By (17)

P € R¥3 is a positive definite symmetric gain matrix, A € R¥3 is
a negative definite diagonal matrix, and B € R¥3 is a positive
definite diagonal matrix. The specific numerical values are related to
the bandwidth of the steering law and the upper bound on the gimbal
rates. Substituting Eq. (16) into Eq. (13) transforms the FS law into

& =JTQUITQ+)'h (18)

Several conclusions can be drawn from this. To first prove the
internal stability for the FS law, one has to guarantee that

det(JJ"Q+ 1) # 0 (19)
It can be shown that this is same as ensuring that the singular values
oJJ'Q) >0 (20

for all combinations in the gimbal angles. For Q@ = QT > 0, this
requirement is always satisfied.

Another interesting property of the new algorithm is that the SR
law in Eq. (10) can be transformed to a feedback steering law by
setting A = 1 and K; = Q. In fact, in a very special case, s can be set
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to O to consider only the steady-state control matrix
Q="P(-A0) ' Bx @n

and to rewrite the steering law in Eq. (18) using Q
a=J"QUI"Q+ D 'h 22)

It is useful to note that Eq. (22) provides both singularity avoidance
and singularity escaping properties, similar to the generalized
singularity law in Eq. (11). In addition, because Q is a full transfer
matrix, the solutions for the gimbal rates are nonsymmetric, resulting
in singularity avoidance properties. Although Q can be any positive
definite transfer matrix, the particular numerical form connected to
the system’s constraints and the required performance are of benefit.

B. Torque Error

Finally, the torque error in the loop needs discussion. The output
torque is related to the demanded torque via the complementary
sensitivity function:

h=JJ"QUJJ"Q + I)"fl (23)

The torque error, on another hand, is related to the demanded torque
through the sensitivity function:

e=JJ QO+ I)"fl (24)

The preceding equation suggests that there will be always some error
between the demanded torque and the output torque. It is important to
note that this is also true for all singularity robust-based laws, because
the product of the singular values of JJ7 is always finite, resulting in
nonzero values for A in Egs. (10) and (11). For the FS law, however,
the error is proportional to the size of Q. Furthermore, in the
following section, it is shown that Q is proportional to the square of
the maximum gimbal rate that the actuators can achieve. Therefore,
only a system that is capable of achieving indefinitely large gimbal
rates can pass through the singularity without perturbations. The fact
that the practical limits of the actuator can be connected with the error
in the steering law is an advantage, because it provides an input for
the hardware design when the pointing requirements are predefined.

Considering the dynamics of the compensator, it is interesting to
note that the size of Q depends on the complex frequency. Also, this
size can be increased at steady state if Ay in Eq. (17) is set to zero.
This transforms the feedback compensator to a transfer matrix
constructed of pure integrators. Therefore, at steady state (s ~ 0)
JJTQ > Iresultsin vanishingly small torque error. From a practical
prospective, however, some upper limits on the gain of K(s) at low
frequency are expected, providing a nonzero 4y.. The derivation of
K(s) in Eq. (16) is presented next.

IV. Controller Derivation

For the derivation of K(s), a two-step approach is proposed. The
controller is first designed with the assumption that J is constant. An
adaptation loop is then derived that modifies K(s) to account for the
dependence of the Jacobian on the gimbal angles.

A. H,, Design

For the design of K(s), H,, control theory is employed [16]. The
optimization goal is to minimize, in an co-norm sense, the mapping
from the demanded torque to the torque error e = h — h. From a

practical prospective, the gimbal rates are also constrained. This
requires setting the following optimization problem:

wi ([T + JK(s)]™!
K (Wzi((s)[l + JK(s)]™! ) Hoo 2

In the preceding penalty, two weighting functions are included. The
weighting function w;(s) bounds the sensitivity function and

essentially determines the bandwidth of the steering law. A finite
value for the bandwidth is justifiable, because the CMG model is a
part of the feedback and finite acceleration rates are expected. In
comparison, the SR-based approaches assume infinitely large
bandwidth. The weighting function w, puts an upper bound on the
gimbal rates «. As discussed in the previous section, this has a direct
impact on the torque error.

For the derivation of the controller, the generalized plant is
constructed [16]. First, we define the performance weights

A B 1
= = —I4X4 2
w1(s) [C 0 ] Wy i=o (26)

To simplify the presentation, we assume that all CMGs have the same
upper limit on the gimbal rate w. With this assumption, the
generalized open-loop model becomes

i=Ax+ Bh— BJa z:[o]x-i—[o]d
@7

e=1Ih-Ja

where z represents a penalty variable, and the controller’s task is to

minimize the size of the mapping from htoz [16]. For a full transfer
form of K(s), nonzero gimbal angles are chosen to get J = J(«y),
where «, # 0. For the design of K(s), the optimization task in
Eq. (25) can be solved by a standard H, controller-optimization
algorithm [16]. A numerical example is given in Sec. IV.A.

For the adaptation of K (), an efficient method that guarantees the
stability in Eq. (14) is necessary. We start our analysis by
representing the controller in an observer-based form:

K (s): x :(;lfxc—l-iBKe 28)
=Ck

The state-feedback part of the controller can be rewritten as
Crx =J buw?P (29)

where P >0, P=P" is the solution of the Riccati equation
associated with the state-feedback design [16]. Equation (29)
suggests that the controller in the steering law can be directly adapted
by updating Cy using the current gimbal angles o and, hence, J. As a
result, the form in Eq. (18) is derived. For the representation in
Eq. (29), we assume that all three directions for the torque are
weighted equally. Setting w,(s) to be a first-order weighting
function, the transfer matrices reduce to B = »I°**3 and C = I°*3,
where b is the required bandwidth in the steering law. Based on the
preceding, some interesting conclusions can be made. As identified
earlier, the torque error is proportional to the size of P = bw?P:

Q = buw?P(sI — Ag) ' By (30)

Consequently, the torque error is proportional to the square of the
maximum gimbal rate the actuators can achieve times the bandwidth
frequency b. We stress that By and P are also functions of b;
therefore, the impact of b on the size of the torque error is not as easy
to distinguish as the effect of w?. This completes the design of the
singularity avoidance control law. A numerical example is presented
in the following section.

B. Numerical Example

The performance weights are specified to start the numerical
design. The bandwidth of the FS law (Fig. 3) is fixed at 30 rad/s. All
three torque components are weighted equally, resulting in a
common pole in w, (s). At low frequency, the sensitivity is limited to
below —50 dB. The upper bound on the gimbal rates is fixed at
1.8 rad/s for all four gimbals. This results in
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For the linearization of the Jacobian in Eq. (2), we select
oy = [r, w/4, —7/4, 7], resulting in B = 54.74°:

0.6000  0.7071 0.4243  0.0000
J(ap) =| 0.0000 —0.4243 —-0.7071 —0.6000 (32)
—0.8000 0.5657  0.5657 —0.8000

With these inputs, the H,, controller using a standard state-space
approach is designed. The numerical form of the individual matrices
in the solution [Eq. (28)] are given next:

'A/C BIC
[CK 0}
005 0 0 218 0 0
0  —005 0 0 218
0 0  —005 0 0 218
=| 4972 3415 —17.05

31.83 7.71 10.09
-7.71 -31.83 10.09
—34.15 —-49.72 -17.05

(33)

The controller has three state variables contributed from the pole of
w, (). Itis evident that due to the values in Ay, K(s) behaves almost
as an integrator. The solution to the Riccati equation for the feedback
part gives the following positive definite matrix

_ 11.51 831 —0.18
P=] 831 1151 0.18 (34)
—-0.18 0.18 2.89

By employing this in Eq. (29), the adaptive form of the control law is
derived:

C (o) = J(a)7(1.8%)(2.18)P (35)

Cy is adapted at every sample by calculating J(«) in Eq. (2).

V. Simulations

In this section, the FS law in Eq. (13) is compared numerically with
the generalized SR steering law in Eq. (11) [8]. The simulation
parameters are listed in Table 1. The rotational motion of the

spacecraft with a cluster of CMGs is described as
To+wx(Tw+h)=-h+T, (36)

where w is a vector of body angular rates, h is the CMG total
momentum vector in body coordinates, Z is the principal moment of
inertia of the spacecraft, and T, is the external torque. The gimbal
dynamics are excluded from the rotational motion. To describe the
attitude, we use the quaternion kinematic dynamic equation:

Table 1 Simulation and design parameters

Parameter Value Units
h, 0.2795 Nms

k, 1.5 x 16>3

k, 6.0 x 16"

z 10 x 16X3) kg - m?
@, [0,0, 0" rad/s

(Ao 14, €] [0.01,10,0.01]

(@, ¢1, ¢, 5] [0.5,0,7/2, 7]

—q1 —492 —493
i = 1G(q)o. G@) =| 9 1 % 37
q=3G(q) (@) & q —-a (37
—q2 4 90

Because the derivation of the attitude control law (block 1 in Fig. 2) is
not the primary objective of this study, a simple state-feedback
control law is used for all simulations, which provides the Lyapunov
stable closed-loop attitude system with inputs from the quaternion
error (. and the spacecraft angular rates w:

h =k,q, + ko (38)

Perfect measurements are assumed for both attitude position and
body rates.

The singularity avoidance properties of the FS law are analyzed.
For this, a step change demand of 40 degrees on the x axis is
requested, to force the CMG cluster through an elliptic internal
singularity [8,10]. A selection of responses using the SR steering law
in Eq. (11) is presented in Figs. 4 and 5 (left-hand side). A common
characteristic of all SR-based steering laws is the symmetry in the
generation of the gimbal rates (Fig. 4a). This, in turn, forces the
CMGs toward the elliptic internal singularity. Atz & 4 s, the gimbals
settle to [—m/2,0, /2, 0], with coplanar torque outputs from two
CMG actuators and zero torque outputs from the other two. The
Jacobian matrix becomes singular, leading to a zero value for the
singularity index in Fig. 4g. The CMG momentum is saturated to

Singularity robust law, Eq. (7)
200 200

Feedback-based steering law, Eq. (11)

100

gimbal angles [deg]

-100

-200 —200
0 10 20 30 40 0 10 20 30 40
a) b)
2 2
R 1
s f "
S ! \
" ' PRN s
) d .
s 0 T i oV =T
S -1 -1
-2 -2
0 10 20 30 40 0 10 20 30 40
©) d

momentum [Nms]
o o

Q

e) f)
x107° x107°
15 15
1 1
—
3
E
8
05 05
0 0
0 10 20 30 40 0 10 20 30 40
g) h)

Fig. 4 Responses for a 40-deg roll maneuver starting from
a =1[0,0,0,0]”; generalized singularity robust steering law [Eq. (11)]
(left), and feedback-based steering law [Eq. (13)] (right).
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Singularity robust law, Eq. (7) Feedback-based steering law, Eq. (11)
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Fig. 5 Responses for a 40-deg roll maneuver starting from
a =1[0,0,0,0]"; generalized singularity robust steering law [Eq. (11)]
(left), and feedback-based steering law [Eq. (13)] (right).

approximately one-third of its maximum (Fig. 4e), leading to a
saturation in the spacecraft’s body rates w (Fig. 5c). Because the
gimbal rates are also close to zero at this saturation point
(2 <t < 65), the attitude feedback loop is essentially ineffective
(Fig. 5a).

For the same reference demand, the response from the FS law is
presented in Figs. 4 and 5 (right-hand side). It is evident from the
responses (Fig. 4b) that this law breaks the symmetry in the
generation of the gimbal angles. This is mainly contributed to the
form of Q in Eq. (18). As a result, the response does not pass
intentionally through the singularity, and thus the singularity index,
Fig. 4h, is always larger than zero [here, the response of det(JJ7) is
used only for the purpose of the comparison]. Because the FS law
does not force the CMGs through the singularity, higher magnitudes
for the total CMG momentum are achieved for the same reference
demand (Fig. 4f), leading to faster transient response (Fig. 5b). A

comparison between the demanded torque h and the CMG output
torque h is shown in Figs. S5e-5h. The peak for this maneuver is
below 0.4 Nm for both algorithms. The peak on the attitude error is
around 1 deg (Figs. 5a and 5b). By design (Sec. IV.A), the gimbal
rates are constrained to below 1.8 rad/s, and the results show that
this is satisfied (Fig. 4d). Because the FS law does not depend on the
distance from a singular point, the error in the response is somewhat
distributed, rather than concentrated near singular gimbal
configurations. A previous argument was that the algorithms will
always lead to some torque error, due to the limitations in the
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Fig. 6 Effects of gimbal-rate capacity on the attitude error: a)
w=3rad/s,b)w =3 rad/s,c)w =4 rad/s,and d) w =4 rad/s.
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Fig. 7 FS steering law; w = 1.8 rad/s; 40-deg y-axis maneuver (left)
and 40-deg z-axis maneuver (right).

actuator. Provided that the gimbal mechanisms are capable of
delivering higher values for the gimbal rates, the FS law can be
redesigned. Two such examples are included: Figs. 6a and 6b for
w = 3 rad/s and Figs. 6¢ and 6d for w = 4 rad/s, respectively. In
comparison with the results in Figs. 4b and 5b, these new values lead
to a larger size for Q, and hence the torque error is reduced to below
0.1 deg with ||| o < 3 rad/s.

Considering other maneuvers, we demonstrate that the FS law is
also capable of handling pitch and yaw demands without any
redesign and modifications; responses are presented in Fig. 7. The
maximum gimbal rate for all CMGs is set to 1.8 rad/s. The
singularity index is included to demonstrate the effectiveness of
keeping the gimbal trajectories away from singular points.

In the final round of simulations, the singularity escaping
properties are studied. For this, the initial gimbal angles are set to
a=[-n/2,0,7/2,0], with corresponding responses shown in
Figs. 8 and 9. Similar to the SR steering law, the feedback-based law
escapes the internal singularity and successfully escapes from the
saturation singularity at 7 &~ 8 s.

VI. Conclusions

In this paper, a new method for steering control moment
gyroscopes is presented, based on the observation that the gimbal
rates can be derived by minimizing (in a feedback loop) the
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Fig. 8 Responses for a 40-deg roll maneuver starting from an elliptic
singularity with « =[—x/2,0, /2, 0]; generalized singularity robust
steering law [Eq. (11)] (left), and feedback-based steering law [Eq. (13)]
(right).

difference between the demanded torque and the CMG output
torque. The derivations are approached from a control prospective
and it is demonstrated that the gimbal rates and the demanded torque
are related through the control sensitivity function. Because the
solutions are generated in a feedback loop, the algorithm does not
require computations of matrix inversion and matrix determinant.
Furthermore, a detailed analysis is included to show that the error
between the demanded torque and the CMG output torque is
inversely proportional to the square of the maximum achievable
gimbal rate of the actuator. This allows drawing relationships
between required precision and gimbal-rate capacity. The new
steering law also breaks the symmetry in the computation of the
gimbal rates, and thus the gimbal trajectories avoid the internal
singularities, rather than passing through them. Consequently, the
full CMG momentum space is used. For the derivation of the steering
law, ‘H,, theory is used, and an efficient adaptation algorithm is
developed to account for the dependence of the Jacobian on the
gimbal angles. Numerical results are included to demonstrate the
singularity avoidance and escaping properties of the new FS law,
leading to higher values than with the generalized singularity robust
steering law for the CMG momentum.
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